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ABSTRACT

      The use of roof bracing is one of the solutions that are required to prevent or reduce the side sway of the columns in halls and single story buildings. Indeed, design of columns in state of no-sway buckling needs to a large amount of the area of bracing and Codes of the design do not limit the necessary in-plane stiffness of the roof bracing for such case of design. Thus, the present study provides assistance in determining the required in-plane stiffness of roof bracing to enhance the buckling capacity of the columns of halls, under the case of no-sway buckling mode. The in-plane stiffness of the roof bracing is obtained for different buckling loads of hinged- and fixed-base columns supporting roof girders and roof trusses. The effect of rotational restraints at the top of columns as well as the effect of depth of the roof truss on the stiffness of bracing is investigated. Also, slope of the roof is considered in the analysis. The upper levels of buckling load of columns are recommended in the study to satisfy the material economy requirements. 

      The study is extended to derive two mathematical formulae for evaluating the equivalent stiffness of two common configurations of roof bracing. Flexibility of the end gables and shear deformations of the bracing are considered. An excellent agreement is observed between the exact and the predicted values of bracing stiffness. 
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INTRODUCTION

      Halls are usually single-story buildings with wide spans, and covered by roof girders or roof trusses system. The supporting columns are located at the perimeter of the hall. Providing longitudinal bracing at the outer panels of the roof decreases the side-sway of columns and subsequently increases their buckling load. Some designers depend on stiffness of the roof bracing to prevent the lateral displacement at the top end of the columns, but that is not usually correct. Theoretically, the case of no-sway buckling of columns takes place at an infinite value of the in-plane stiffness of roof bracing. Codes of the design have not been providing the necessary values of it for the design of columns with no side-sway. Timoshenko, S.P. and Gere, J.M, [8], used the energy method to obtain the buckling load of hinged columns with lateral spring support at the top. Blaszkowiak, S., [2] and Lightfoot et al., [3], provided stability functions for the buckling analysis. Gurfinkel and Robinson, [1], investigated the buckling capacity of columns with spring support at the top and rotational restraints at both ends. Salem, A.H., [5], studied stability of the rectangular frames when the sway is permitted.

      Here, the objective of the study is to determine the required in-plane stiffness of roof bracing to enhance the buckling load of the column to a definite value. Cases of hinged- and fixed-base columns supporting roof girders and roof trusses are studied for different values of rotational restraints at the top end. Effects of slope of the roof and depth of the truss on the stiffness of roof bracing are investigated for different levels of the buckling load of columns.  
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      Based on the fact that roof bracing acts as a spring support for the columns at the roof level, two mathematical expressions are derived to evaluate the equivalent in-plane stiffness of two common systems of roof bracing, taking into account flexibility of the end gables as well as shear deformations of the bracing. 

BUCKLING OF COLUMNS ATTACHED TO ROOF GIRDERS

AND PROVIDED WITH ROOF BRACING 

      Consider a column with length, LC, is subjected to an axial load, P, at the top. The column is attached to a roof girder with span, LG, and provided with roof bracing at the top end. The bending stiffness of the column, kC​, and that of the beam, kg, are expressed by 

                                kC = E IC / LC                   ,               kg = E Ig / Lg                                                  (1)

Where, IC and Ig are the second moment of area of the column and the girder; respectively, and E is Young ´s modulus.

      The roof bracing is represented by a lateral spring support for the column with stiffness, kS. The non-dimensional form of stiffness of spring is defined by

                                kS* = kS  LC3 / EIc                              
[image: image1.wmf]                                                             (2)  

      For a symmetrical roof girder with anti-symmetrical end moments, the column is restrained at the top with a rotational restraint equals 6kg due to the continuity with the girder, and a transitional restraint, kS, of the spring support, whereas the lower end of the column is restrained with a rotational restraint, kL. The sway buckling configuration of the column is illustrated in Fig. (1). 

      For hinged-base columns, the rotational restraint at the lower end vanishes, kL= 0, and the equation of critical buckling load, Pcr., is obtained as the following:     

                         [1 – π2 ρc / kS* cos2θR ] [π2 ρc / (6kg/kC) – π ρc1/2 cot π ρc1/2] + 1 = 0                         (3)

Where, ρc  = Pcr. / PE , is the factor of buckling load, (PE = π2 EIC / LC2), and  θR is the angle of inclination of the roof to the horizontal. 
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   Fig. (1) Buckling configuration of columns                  Fig. (2) Degrees of freedom for columns 

                supporting roof girders.                                                  supporting roof trusses.

      If the non-dimensional stiffness of the spring, kS* , tends to the infinity, the full use of the roof bracing is obtained and the no-sway buckling load of the column is reached.  

                               6 kg/kC = π2 ρc / [ π ρc1/2 cot π ρc1/2 – 1]                                                              (4)

Equations (3) and (4) are derived in Appendix (II). If stiffness of the girder, kg = 0, Eq. (4) tends to cot π ρc1/2 = ∞, and the solution is π ρc1/2 = π, which means that is the case of column with two hinged ends, ρc = 1. Also, when stiffness of the girder, kg = ∞, Eq. (4) tends to, π ρc1/2 cot π ρc1/2 – 1 = 0, and the solution is ρc = 2.046 which is the case of column with hinged - fixed ends. 

      For fixed-base column, the rotational restraint, kL = ∞, at the base and the buckling load is expressed by

             [1 – π2 ρc / kS* cos2θR ] + [12 kg/kC (1– sec π ρc1/2) – π ρc1/2 tan π ρc1/2 ] /

                                                                    [π ρc1/2 (6 kg/kC tan π ρc1/2 + π ρc1/2 ) ] = 0                      (5)

Substituting, kS =  ∞, into Eq. (5), no-sway buckling load of the column is determined.

             6 kg/kC =  [tan π ρc1/2 – π ρc1/2] / [tan π ρc1/2 +2(1–sec π ρc1/2) / π ρc1/2]                              (6)

      The ratio of buckling load of column at a definite value of, kS*, to that at the case of no-sway buckling, for the same ratio of bending stiffness of beam –to- column, kg/kC, is abbreviated by the factor of buckling level, RS = Pcr./(Pcr. at kS = ∞). Results of the non-dimensional stiffness of roof bracing, kS*, are plotted against the ratio of bending stiffness of beam –to- column, kg/kC, for different factors of buckling level, RS, ranging between 0.40 to 0.90, in Fig. (3) and Fig. (4) for hinged- base and fixed- base columns, respectively, at θR = 0. 

BUCKLING OF COLUMNS ATTACHED TO ROOF TRUSSES

AND PROVIDED WITH ROOF BRACING 

      Consider a column with length, LC, is attached to a roof truss with depth, ΦLC, and provided with roof bracing at the outer panel of the truss, as shown in Fig. (2-a). Three degrees of freedom are assumed, (two rotations at joints 1 and 2, and a translation at joint 1), as in Fig. (2-b). The analysis is adopted using stability functions defined by Salem, [5] and Blaszkowiak, [2].

      Equation of the bucking load of hinged-base columns is derived in Appendix (III), then, it can be formulated in the following form:    

                    6 kT/kC = γ Φ π2 ρc / [γ (π2 ρc – kS* cos2θR) / (π2 ρc –(1+ Φ) kS* cos2θR) – 1]                 (7)       

Where, kT = EIT /LT, is the bending stiffness of the truss, (IT and LT are the second moment of area and the span of the truss; respectively), and 

                    γ = Φ π ρc1/2[ cot π ρc1/2 + cot Φ π ρc1/2]                                                                         (8)

When the value of kT = 0, the bracket in Eq. (7), [π2 ρc –(1+ Φ) kS* cos2θR] = 0, and the solution of equation is, π2 ρc = (1+ Φ) kS* cos2θR, which is the case of hinged-base column with spring support at the other end.

      Side-sway of the column is prevented when the stiffness of bracing at the roof tends to the   infinity. Substituting, kS*= ∞ into Eq. (8), no-sway buckling load is determined.

                6 kT/kC = γ Φ π2 ρc / [γ / (1+ Φ) – 1]                                                                            (9)

      Similarly, the equations of buckling load of fixed-base columns are formulated for the states of permitted and prevented side-sway buckling, in Eqs. (10) and (11); respectively.

                     kS* cos2θR = {[δT/Φ + 6 kT/kC] [δ(αT/Φ + α) – υ2] – δ(αT/Φ)2}/ {(αT/Φ – υΦ)2 –                                           

                                          (αT/Φ + α) (δT/Φ + Φ2 δ + 6 kT/kC)}                                                      (10)

                     6 kT/kC = [(αT/Φ – υΦ)2 /(αT/Φ + α)] – [δT/Φ + Φ2 δ]                                                (11)

      The stability functions, αT, δT, α, δ and υ are defined in Appendix (I). Substituting, Φ = 0, kS* = 0 and kT = ∞, in Eq. (10), results in ρc = 1, which is the case of fixed-base column with no-rotation at the other end when side-sway is permitted. Also, Eq. (11) is checked by substituting Φ = 0, kS* = 

∞, and kT = ∞, in it. The solution is ρc = 4, which is the case of column with fixed ends.

      Results of non-dimensional stiffness of the roof bracing are illustrated in curves against the ratio of bending stiffness, kT/kC, for different factors of the buckling level, RS, ranging between 0.50 to 0.90, in Fig. (5) and Fig. (6) for hinged-base columns and Fig. (7) and Fig. (8) for fixed- base columns; respectively, at θR = 0 and Φ = 0.15 and 0.30.

DETERMINATION OF IN-PLANE STIFFNESS

OF THE ROOF BRACING 

      Figures {(9) and (10)} illustrates two common configurations of the roof bracing are located at the outer panels of the girder -or the truss- to increase the buckling capacity of the columns. The first configuration is referred by type (I) of bracing that is longitudinally provided at the outer panels of the roof and supported by flexible end gables at the ends, as shown in Fig. (9). The second configuration is referred by type (II) of bracing that is similar to type (I) of bracing, but it is supported by flexible end gables and a transverse roof bracing at the middle bay of the hall, as shown in Fig. (10).

      To simplify the analysis, the columns are considered with hinged ends and supported by springs at the top, as illustrated in Fig. (11-a). From equilibrium of the column in the deformed shape, as in Fig. (11-b), the equivalent stiffness of spring is obtained.

                                                             kS = P/ [LC (1+Φ)]                                                             (12)

Where Φ= 0 for the case of roof girder.     
      The roof bracing at the outer panel is considered as a beam in the same plane, in which shear deformations are considered. Equating the strain energy of the beam with the work done by the external loads in the roof plane, as in Appendix (IV), the governing equation is

              Lb                                           Lb                      N
       EIb ∫  [∂2uf /∂x2]2 dx + GĀb ∫ [∂us /∂x]2 dx = Σ {Pi ui2/ [LC (1+Φ)]} – 2kw uw2                          (13)      

            0                                   0                        i= 0     

      Where, Lb is length of the beam in the longitudinal direction of the hall, N is number of the bays between the columns in the same direction, and Āb, and Ib are the effective cross sectional area of the beam for shear as well as the moment of inertia of it; respectively. The total displacement of the beam in plane of the roof, u, is divided into three components of displacements, uf, us, and uw due to flexure and shear of the beam and movement of the end gable, (end wall); respectively. The stiffness of the end gable is, kw, and G is the modulus of shear.        
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Type (I) of Roof Bracing

      The sinusoidal curves are assumed to be reasonable deflected shapes of type (I) of bracing due to flexure and shear. Thus, the total displacement function is expressed by
                                   u = uw + cf sin πx/Lb+ cs sin πx/Lb                                                            (14)
Where, uf = cf sin πx/Lb , and us = cs sin πx/Lb. Substituting for uf, us, ui and Eq.(12) into Eq. (13), where x= iLb/N, the following equation is obtained.    

                      π4/2. EIb/Lb3.(cf)2 + π2/2. GĀb/Lb. (cs)2 = [kS – 2kw] (uw)2 + kS{(N–1) (uw)2 +

                      2 cot π/2N. uw (cf + cs) + N/2. (cf + cs)2}                                                                  (15)
      Differentiating both sides of Eq. (15) with respect to cf, cs, and uw ; respectively, and solving for kS at the critical buckling load of the column, result in

                NkS –2kw                kS cot π/2N               kS cot π/2N 

                  kS cot π/2N     NkS /2 –π4/2. EIb/Lb3            NkS /2                  = 0                                 (16)

                  kS cot π/2N                NkS /2             NkS /2 –π2/2. GĀb/Lb
      Equation (16) is a general formula for evaluating stiffness of type (I) of the roof   bracing taking into account shear deformation of the bracing truss and flexibility of the end gable. If the part of stiffness of bracing due to flexure is termed by, kSf, and that due to shear is termed by, kSS, where,                                                                                                
                   kSf = π4 EIb /NLb3            and            kSS = π2 GĀb /NLb                                               (17)

Substituting Eq. (17) into Eq. (16) and solving for, kS /kSf, in terms of, kw /kSf and N, the following relation is obtained.

​​​​​​​​​                                        _________________________________

kS/kSf = [(ΨN+2kw/kSf)–√ (ΨN–2kw/kSf)2 +16Ψ/N.(cot π/2N)2.kw/kSf ]/[2{N–2/N .(cot π/2N)2}]   (18)

where,                                  Ψ = 1 / [1 + kSf /kSS]                                                                           (19)  
      The increase of value of ψ means an increase of the shear stiffness of bracing, i.e., ψ = 1 for kSS= ∞ which is the case of flexural-dependent, whereas ψ= 0 for kSf = ∞ which is the case of shear-dependant. For rigid end gable, i.e., kw = ∞, Eq. (18) tends to

                                                          kS/kSf = Ψ                                                                         (20)
                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  Equation (18) is graphically represented in Figs. (11) and (12) to illustrate the effect of stiffness of

the end gable and the factor of shear, ψ, on the ratio kS/kSf ; respectively. Table (4) indicates a comparison of the values of stiffness predicted by Eq. (16) with their exact counterparts for rigid end gable for the cases of flexural-dependent and shear-dependent stiffness; respectively. 

Type (II) of Roof Bracing

      Type (II) of bracing is more rigid than type (I) of bracing due to existence of the transverse roof bracing that is considered as an intermediate elastic support for it. The assumed function of the lateral displacement of type (II) of bracing is

                                      u = uw + cf [sin πx/Lb]2+ cs [sin πx/Lb]2                                                    (21)

Where, uf = cf [sin πx/Lb]2 , and us = cs [sin πx/Lb]2. Substituting for uf, us, Eq. (21) and Eq. (12) into

                                                                                                               x              

                                                                                                             

              Lb                                                              Lb                         uf = cf sin πx/Lb
                                                                                                            

                                                                                                              

                                                   Flexible End Gable 

Fig. (9) Type (I) of roof bracing and the assumed lateral deflection.

                                                                                                               kS.u                

                                                                              Beam             P                                        P

              Lb                                                                                                                       
                                                                                           (a)                             (b)

                                                                                                              kS u cos θR
                                                   Flexible End Gable                                                      P

  Fig. (10) Type (II) of roof bracing.                                          Fig. (11) Equivalent spring model.

Eq. (13), then, differentiating both sides with respect to cf, cs, and uw ; respectively, and solving for kS at the critical buckling load of the column, result in 

                       [NkS –2kw]/2              NkS                               NkS 

                            NkS             3NkS  –16π4.EIb/Lb3              3NkS             = 0                                  (22)

                            NkS                       3NkS                3NkS  –4π2.GĀb/Lb
Equation (22) predicts stiffness of type (II) of the roof bracing taking into account shear deformation of the bracing truss and flexibility of the end gable. Substituting Eq. (17) into Eq. (22) and solving for, kS /kSf, in terms of, kw /kSf and N, the following relation is obtained.

                                                       ___________________________________

kS/kSf = {[8N+3(1+4Ψ`).kw/kSf] – √ [8N+3(1+4Ψ`).kw/kSf]2 –32N(1+4Ψ`).kw/kSf  }/[N(1+4Ψ`)]    (23)

where,                                             Ψ` =  kSf /kSS                                                                            (24)

Opposite to type (I) of bracing, decreasing the value of ψ` means an increase of the shear stiffness of type (II) of bracing, i.e., ψ` = 0 for kSS= ∞ which is the case of flexural-dependent. For rigid end gable, i.e., kw = ∞, Eq. (23) tends to

                                                         kS/kSf = 16/[3(1+4Ψ` )]                                                           (25)

      Equation (23) is graphically represented in Figs. (13) and (14) to illustrate the effect of stiffness of the end gable and the factor of shear, ψ`, on the ratio kS/kSf ; respectively.

DISCUSSION

      Tables (1), (2) and (3) indicate the factors of no-sway buckling load, ρc, for columns supporting roof girders and trusses with hinged and fixed bases. The full use of the in-plane stiffness of roof bracing, (kS= ∞), required to prevent the lateral side-sway of columns is practically not available because of the need to large amounts of the material of bracing, in addition to slope of the roof decreases the effective stiffness of the bracing, (kSe = kS cos2θR), in the direction of side-sway. Curves in Figs. {(3) to (8)} represent the relation between kg/kC or kT/kC and kS* for different factors of buckling level, RS, ranging between 0.50 to 0.90 for hinged-base and fixed-base columns. 
 Table (1): Case of no-sway buckling load for columns supporting roof

                  girders, [ρc  = Pcr. / PE  at  kS = ∞].          

	kg / kC
	0.0
	0.25
	0.50
	1
	2
	5
	10
	∞

	Hinged-Base

Columns
	1.0
	1.245
	1.407
	1.598
	1.771
	1.920
	1.980
	2.046

	Fixed-Base

Columns
	2.046
	2.445
	2.731
	3.095
	3.443
	3.749
	3.870
	4.00


     Table (2): Case of no-sway buckling load for hinged-base columns 

                      supporting roof trusses,  [ρc  = Pcr. / PE  at  kS = ∞].          

	Φ
	kT / kC

	
	0.0
	0.25
	0.50
	1.0
	2.0
	5.0
	10
	∞

	0.15
	0.756
	0.975
	1.139
	1.354
	1.558
	1.730
	1.794
	1.861

	0.20
	0.694
	0.901
	1.063
	1.283
	1.497
	1.675
	1.740
	1.806

	0.30
	0.591
	0.773
	0.926
	1.151
	1.384
	1.575
	1.640
	1.703

	0.40
	0.510
	0.666
	0.806
	1.029
	1.281
	1.483
	1.548
	1.604


      Table (3): Case of no-sway buckling load for fixed-base columns 

                       supporting roof trusses,  [ρc  = Pcr. / PE  at  kS = ∞]. 

	Φ
	kT / kC

	
	0.0
	0.25
	0.50
	1.0
	2.0
	5.0
	10
	∞

	0.15
	1.546
	1.892
	2.182
	2.609
	3.048
	3.396
	3.511
	3.619

	0.20
	1.420
	1.739
	2.019
	2.456
	2.931
	3.291
	3.399
	3.495

	0.30
	1.210
	1.473
	1.720
	2.152
	2.704
	3.088
	3.175
	3.241

	0.40
	1.043
	1.253
	1.458
	1.849
	2.471
	2.885
	2.937
	2.969


1. Hinged-Base Columns

      It is obvious from Figs. (3), (5) and (6) for hinged-base columns that the non-dimensional stiffness of roof bracing, kS*, is largely increased with the increase of value of kg/kC or kT/kC for the same factor of buckling level up to kg/kC = 5, then a little increase of   kS* is associated with increasing of kg/kC or kT/kC. For columns with small values of kg/kC up to 0.50, small increase in the stiffness of roof bracing largely enhances the factor of buckling level of columns than those of larger values of kg/kC or kT/kC. For columns with values of kg/kC or kT/kC larger than 1.0, increasing the factor of buckling level than 0.80 needs increase values of kS* which may be out of economic aspects, (kS*≤ 20).  Also, the values of kS* required to enhance the buckling capacity of hinged-base columns with small kg/kC or kT/kC, are smaller than those of fixed-base columns with the same kg/kC or kT/kC and RS.
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 3. Mathematical Expressions for Stiffness of Roof Bracing   

      Mathematical expressions are derived for evaluating the stiffness of types (I) and (II) of roof bracing. The effects of flexibility of the end gables as well as shear deformation of the bracing truss are included in the analysis.   

      Figures (11) and (13) illustrate the effect of stiffness of the end gable on the stiffness of types (I) and (II) of roof bracing with Ψ= 0.85 and Ψ`= 0.15; respectively, for frames with different number of bays. It is seen that the value of kS/kSf increases with decreasing of number of the bays   and with increasing of stiffness of the end gable. A sharp reduction in the value of stiffness of bracing occurs when flexibility of the end gable is considered. Thus, it is recommended to construct the end gables with stiffness ratio, kw/kSf ≥ 50. 

      Figure (12) shows that the value of kS/kSf of type (I) of bracing is sharply increased as the factor of shear,ψ, increases. On the other hand, increasing the value of Ψ` leads to a decrease in the value of kS/kSf of type (II) of bracing, as shown in Fig. (14). It means that shear stiffness of the diagonal members of roof bracing has a great influence on the overall stiffness of the bracing. 

      The comparison in Table (4) indicates an excellent agreement between the exact and the predicted values of stiffness of type (I) of roof bracing for the cases of flexural-dependent and shear- dependent, respectively. Table (5) indicates that stiffness of type (II) of bracing may reach 3.5 times of stiffness of type (I) of bracing for rigid end gables. It is, also, clearly that the ratio between stiffness of type (II) of bracing and that of type (I) of bracing decreases as the number of  bays increases, for the same stiffness of the end gables.  

CONCLUSIONS

      Conclusions of the research can be summarized in the following:

1. The full use of the in-plane stiffness of roof bracing is not always available to prevent side-sway of the columns. 

2. The buckling load of columns in the sway- buckling configuration to that in the case of no-sway buckling, is represented by factors of the buckling level. Curves of non-dimensional stiffness of the roof bracing against beam (truss) –to- column stiffness ratio have been presented for different factors of the buckling level of columns.

3. Stiffness of the roof bracing is proportional to beam –to- column stiffness ratio for the same factor of buckling level of hinged-base columns.   

4. The fixed-base columns supporting roof beams or roof trusses require larger stiffness of roof bracing to reach a definite factor of buckling level than that required for hinged-base columns with the same values of beam –to- column stiffness ratio.  

5. To satisfy the material economy requirements of roof bracing, the highest factor of buckling level is 0.80 for hinged-base columns, especially, with values of beam –to- column stiffness ratio larger than 1.0, whereas it is ranging between 0.70 and 0.80 for fixed-base columns. 

6. The stiffness of roof bracing affecting the side-sway of columns supporting inclined roofs is reduced than that of horizontal roofs by a factor equals the square of cosine of the angle of roof to the horizontal.        

7. The required value of stiffness of roof bracing is decreased with increasing of the depth of truss for the same factor of buckling level of column and the same value of truss –to- column stiffness ratio. 

8. Mathematical expressions are derived for evaluating the stiffness of two common configurations of roof bracing. The effects of flexibility of the end gables as well as shear deformation of the bracing are included in the analysis. Excellent agreement is noticed between the exact and the predicted values of stiffness of roof bracing for the cases of flexural-dependent and shear- dependent; respectively.       

Table (4): Predicted and exact values of stiffness of type (I) of bracing

                 with rigid end gable, (kw= ∞).  

	N
	Flexural-dependent, (Ψ= 1)

kS Lb3/EIb
	Shear-dependant, (Ψ= 0)

kS Lb/GĀb

	
	Predicted

Eq. (16)
	Exact        

Ref. (8)
	% error
	Predicted Eq. (16) 
	Exact

Ref. (7)
	% error

	2
	48.70
	48.00
	1.47
	4.935
	4.000
	23.40

	3
	32.47
	32.40
	0.22
	3.29
	3.00
	9.66

	4
	24.35
	24.34
	0.06
	2.467
	2.344
	5.26

	6
	—
	—
	—
	1.645
	1.608
	2.32

	8
	—
	—
	—
	1.234
	1.218
	1.30

	10
	—
	—
	—
	0.987
	0.979
	0.83


  Table (5): Comparison of values of stiffness ratio, kS /kSf, between type (I) and 

                   type (II) of bracing, (kSf /kSS = 0.20).        

	kW/kSf
	N= 4
	N= 6
	N= 8
	N=10
	N= 20

	
	I
	II
	I
	II
	I
	II
	I
	II
	I
	II

	1
	0.335
	0.447
	0.250
	0.309
	0.200
	0.236
	0.166
	0.191
	0.091
	0.098

	2
	0.490
	0.801
	0.393
	0.574
	0.329
	0.447
	0.283
	0.365
	0.166
	0.191

	5
	0.660
	1.491
	0.586
	1.164
	0.528
	0.950
	0.480
	0.801
	0.328
	0.447

	8
	0.718
	1.869
	0.663
	1.544
	0.616
	1.309
	0.575
	1.132
	0.430
	0.669

	10
	0.739
	2.033
	0.692
	1.726
	0.651
	1.491
	0.615
	1.309
	0.478
	0.801

	20
	0.784
	2.438
	0.758
	2.222
	0.733
	2.033
	0.710
	1.869
	0.613
	1.309

	50
	0.813
	2.738
	0.802
	2.633
	0.791
	2.533
	0.780
	2.438
	0.732
	2.033

	∞
	0.833
	2.963
	0.833
	2.963
	0.833
	2.963
	0.833
	2.963
	0.833
	2.963


9. Flexibility of the end gable has a great influence on the value of stiffness of the roof bracing system. Stiffness of the end gables should not be less than 50 times of the flexural stiffness of roof bracing in order to consider rigid end gables in the design.  

10. The overall stiffness of roof bracing is sharply increased with the increase of its shear stiffness. A great importance should be taken for the diagonal members of roof bracing truss to increase the shear stiffness and consequently the overall stiffness of the bracing. 

APPENDIX (I): Stability Functions for Columns Supporting Roof Trusses

      Blaszkowiak `s Stability functions for fixed-base columns supporting roof trusses are defined as the following:

αT = Φ2.π2 ρc/ [1– Φ.πρc1/2 cot(Φ.πρc1/2)]

δT = Φ.πρc1/2 cot(Φ.πρc1/2).αT   

υ = π2 ρc [cos πρc1/2 –1] / [π2 ρc sin πρc1/2 + 2cos πρc1/2 –2]     

α = υ [cos πρc1/2 – sin πρc1/2 / πρc1/2] / [cos πρc1/2 –1]   

δ = –υ.πρc1/2 sin πρc1/2 / [cos πρc1/2 –1]   

    Stability functions for hinged-base columns supporting roof trusses are defined as the following:

n   =  πρc1/2 cot(πρc1/2)    

n`` = -πρc1/2 /cot(πρc1/2)                                    

s``  =  πρc1/2 / [1- πρc1/2 cot(πρc1/2)]               

cT  =  [Φπρc1/2 - sin(Φπρc1/2)]/ [sin(Φπρc1/2) - Φπρc1/2 cos(Φπρc1/2)] 

oT  =  Φπρc1/2 / sin(Φπρc1/2)              

mT =  2[1- cos(Φπρc1/2)]/ [Φπρc1/2 sin(Φπρc1/2)]

nT  =  Φπρc1/2 cot(Φπρc1/2)

sT  =  Φπρc1/2 [sin(Φπρc1/2) - Φπρc1/2 cos(Φπρc1/2)]/  [2-2cos(Φπρc1/2) - Φπρc1/2 sin(Φπρc1/2)] 

The functions with subscript, T, are concerning for part of the column attached to the truss.  

APPENDIX (II): Equation of The Buckling Load of Hinged-Base Columns

                              Supporting Roof Girders

      Referring to Fig. (1), the rotational restraint at the base, kL = 0, and the differential equation of the deflection curve of the column is

                                              EIC . ∂2y /∂x2 = M                                                                              (26)

In which 

                                      M= P (∆ - y) - kS cos2θR . ∆ (LC -x) – 6kg θu                                             (27)        

From equilibrium of the whole column, 

                                      P ∆ - kS cos2θR . ∆ LC – 6kg θu = 0                                                             (28)

Substituting Eq. (28) into Eq. (27), and then substituting Eq. (27) into Eq. (26), it yields to

                                      ∂2y /∂x2 + (P/EIC) y = (kS /EIC) cos2θR .∆..x                                              (29)

Substituting P/EIC = π2ρc/LC2   where  (ρc = P/PE ), and   kS /EIC =  kS* /LC3 in Eq. (29), the differential equation tends to

                           ∂2y /∂x2 + (π2ρc/LC2 ) y  =   (kS* cos2θR /LC3 ) ∆..x                                                (30)                                                                                    

The solution is 

                           y  = C1 cos(π ρc1/2.x /LC) + C2 sin(π ρc1/2.x /LC) + [kS* cos2θR /(LC . π2ρc )] ∆..x    (31)

Equation (31) must satisfy the boundary conditions, 

   x = 0    , y = 0              →        C1 = 0        

   x = LC  , y = ∆             →         C2 = ∆  [1 - kS* cos2θR / π2ρc ] / sin(π ρc1/2)                                  (32)  

   x = LC  , ∂y /∂x = θu     →         θu =  (π ρc1/2/LC ). cos(π ρc1/2) .C2  +   [kS* cos2θR /(LC . π2ρc )] ∆                                                                                                        

Substituting P =  (π2ρc/LC)  kC   and    kS =  (kS* /LC2) kC  in Eq. (28), then solving Eqs. (28) and (32) together, the following equation is obtained:

π ρc1/2 cot(π ρc1/2) [1- kS* cos2θR /( π2ρc )] + kS* cos2θR /( π2ρc ) = [π ρc1/2 - kS* cos2θR ]/(6kg/kC)      (33)

Multiplying both sides of Eq. (33) by  π2ρc/ kS* cos2θR and arranging it, Eq. (3) of buckling load of hinged-base columns is obtained.  

                         [1 – π2 ρc / kS* cos2θR ] [π2 ρc / (6kg/kC) – π ρc1/2 cot π ρc1/2] + 1 = 0                         (3)

If  kS* = ∞, Eq. (3) yields to

                         π2 ρc / (6kg/kC) – π ρc1/2 cot π ρc1/2 + 1 = 0                                                              (34)          

Multiplying both sides of Eq. (34) by  6kg/kC and arranging it, Eq. (4) of no-sway buckling load of hinged-base columns is obtained.  

                         6 kg/kC = π2 ρc / [ π ρc1/2 cot π ρc1/2 – 1]                                                                    (4)                                                                                                                

APPENDIX (III): Equation of The Buckling Load of Hinged-Base Columns

                                Supporting Roof Trusses.

      The column is divided into two parts as shown in Fig. (15). For the lower part of the column, 

                                       kC = EIC/LC            and                 ρc = PL2/ π2EIC

For the upper part of the column, 
       kCu = EIC/ΦLC    and     ρcu = P(ΦL)2/ π2EIC    i.e.     kCu = kC/Φ       and         ρcu = Φ2 ρc         
Stability functions of the lower part are (n, n`` and s``), whereas those of the upper part are (cT, oT, mT, nT and sT) and they are defined in Appendix (I) as in Ref. [5]. Operations of rotation and translation of every part of the axially compressed column are written in Fig. (15).  










                                                                                                                          (A)


Fig. (15) Operations of rotation and translation for hinged-base column supporting roof truss.

      Satisfying the conditions that the sum of the moments at each of the joints (1) and (2) should be zero, and the side sway at the top of column, ∆1, is a function of the reaction of spring support, results in three equations containing θ1 , θ2 and HL/kC. At joint (1):  M1-2 – 6kT θ1 = 0,

                [nT /Φ – 6 kT /kC] θ1 – [oT /Φ] θ2 – [mT Φ/2] HLC /kC = 0                                                (35)

 At joint (2):  M2-A + M2-1 = 0, 

             – [oT /Φ] θ1 + [n`` + nT /Φ] θ2 – [1/n + mT Φ/2] HLC /kC = 0                                              (36)

       ∆1 = ∆A-2 + ∆2-1        and      ∆1 = H / (kS cos2θR), leads to         

– [mT Φ/2] θ1 – [1/n + mT Φ/2] θ2 +[1/s``n + mT Φ3 /(2ST (1+cT)) +1/(kS*cos2θR)] HLC/kC = 0       (37)

Eliminating θ1, θ2 and HL/kC from Eqs. (35), (36) and (37), the following determinant is obtained.

     nT /Φ – 6 kT /kC               – oT /Φ                            – mT Φ/2

        – oT /Φ                  n`` + nT /Φ                   – [1/n + mT Φ/2]                                     = 0          (38)                                                                                                                                        

        – mT Φ/2        – [1/n + mT Φ/2]     1/(s``n) + mT Φ3 /(2ST (1+cT)) +1/(kS*cos2θR)                                                                                    

Solving the determinant in Eq. (38) by operations of matrices, equation of the buckling load of column can be obtained in the form in Eq. (7) in terms of ρc , kS*,  Φ and kT /kC. 
APPENDIX (IV): Differential Equation of The Longitudinal Roof Bracing
      Referring to Figs. (9) and (11), the roof bracing is considered as a longitudinal beam in which shear deformation is considered. It is subjected to a series of concentrated forces, kS ui , at every bay. The work done by the applied forces is

                                                                      N

                                                     We =   1/2 Σ  kS ui2                                                                     (39)                   

                                                                     i= 0
Substituting Eq. (12) into Eq. (39), the work done by the forces is expressed by    

                                                                      N

                                                     We =   1/2 Σ  Pi ui2/ [LC (1+Φ)]                                                  (40)

                                                                     i= 0
The strain energy due to bending is

                                                                        Lb

                                                     Ub = EIb/2  ∫  M2  dx                where       (M = - EIb ∂2uf /∂x2 )                                                                                                                  

                                                                      0    

i.e.                                                                      Lb
                                                      Ub =  EIb /2  ∫  [∂2uf /∂x2]2 dx                                                     (41)

                                                                         0    

The strain energy due to shear is expressed by  

                                 dUs   _     τ2                   where      ( τ = G ∂us /∂x   and   dV =  dĀb dx)           (42)         

                                 dV         2G        

Integrating both sides of Eq. (42), the strain energy due to shear is 

                                                                           Lb                                                           

                                                      Us = GĀb /2  ∫ [∂us /∂x]2 dx                                                       (43)                              

                                                                          0                             

The strain energy of two flexible end gables, Uw = kw uw2, should be added to the strain energy due to shear and that due to bending. Equating the work done by the applied forces and the total strain energy, We =  Ub + Us + Uw , Eq. (13) is obtained.

                   Lb                                           Lb                       N
             EIb ∫  [∂2uf /∂x2]2 dx + GĀb ∫ [∂us /∂x]2 dx = Σ {Pi ui2/ [LC (1+Φ)]} – 2kw uw2                    (13)            

                 0                                0                     i= 0     
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NOTATION

Āb  : the effective area of bracing for shear;

E   : Young ‘s modulus of elasticity;

G   : modulus of shear;

Ib   : moment of inertia the bracing;

IC  : moment of inertia of the column;

Ig   : moment of inertia of the roof girder;

kC  : bending stiffness of the column, EIC/LC;

kg  : bending stiffness of the roof girder, EIg/Lg;

kS  : the equivalent spring stiffness, or roof bracing stiffness;

kS* : non-dimensional stiffness of the bracing;

kSf  : flexural-dependent stiffness of the bracing;

kSS  : shear-dependent stiffness of the bracing;

kT  : bending stiffness of the roof truss, EIT/LT;

kw  : stiffness of the end gable, (end wall);

Lb  : length of the bracing in the longitudinal direction;

LC   : length of the column;

Lg  : span of the roof girder;

N   : the number of bays in the longitudinal direction;

P    : the axial compression force in the column; 

PE  : Euler buckling load of pin-ended column, π2EIC/L2;

RS  : factor of the buckling level;

u    : lateral displacement of the bracing in the roof plane;

uw  : lateral displacement of the end gable; 

x    : coordinate of a section of the column;

y    : column displacement;

∆   : lateral displacement of the column at the upper end;

θb  : angle of rotation at the base of the deflected column;

θR  : inclined angle of the roof to the horizontal;

θu  : angle of rotation at the upper end of the deflected column;

Φ  : ratio of the depth of truss to the length of column;

ρc  : factor of the critical buckling load of column, Pcr./PE; 

Ψ  : the ratio of shear-dependent stiffness to flexural-dependent stiffness of type (I) of roof bracing  when rigid end gables are constructed.

Ψ̀ : the ratio of flexural-dependent stiffness to shear-dependent stiffness of type (II) of roof  bracing.
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Fig. (3) Non-dimensional stiffness of roof bracing for hinged-base columns attached with roof girders, (θR= 0), [Semi-Log. Scale].
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Fig. (4) Non-dimensional stiffness of roof bracing for fixed-base columns attached with roof girders, (θR= 0), [Semi-Log. Scale].
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Fig. (5)  Non-dimensional stiffness of roof bracing for hinged-base columns attached with roof trusses, (Φ= 0.15 and θR= 0), [Semi-Log. Scale].
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Fig. (6)  Non-dimensional stiffness of roof bracing for hinged-base columns attached with roof trusses, (Φ= 0.30 and θR= 0), [Semi-Log. Scale].
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Fig. (7) Non-dimensional stiffness of roof bracing for fixed-base columns attached with roof trusses, (Φ= 0.15 and θR= 0), [Semi-Log. Scale].
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Fig. (8) Non-dimensional stiffness of roof bracing for fixed-base columns attached with roof trusses, (Φ= 0.30 and θR= 0), [Semi-Log. Scale].
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Fig. (11) Effect of stiffness of the end gable on  the stiffness of type (I) of roof bracing, (Ψ= 0.85).
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Fig. (12) Effect of the shear deformation on  the  stiffness of type (I) of roof bracing, (Kw/Ksf= 10).
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Fig. (13) Effect of stiffness of the end gable on the stiffness of type (II) of roof bracing, (Ψ`= 0.15).
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Fig. (14) Effect of the shear deformation on  the  stiffness of type (II) of roof bracing, (Kw/Ksf= 10).





Ψ` 





Kw/Ksf = 10





 


  N= 4


     


    


        6





        8


       10


       





        20





 


      It is observed that, for the same factor of buckling level and at kg/kC = kT/kC, hinged-base columns supporting roof girders require higher values of kS* than those supporting roof trusses because the lower chord member of the truss acts as additional support for the column. As the depth of roof trusses increases, the value of kS* decreases, for the same value of  kT/kC and the same RS.  





2. Fixed-Base Columns   


      Figures (4), (7) and (8) show a slight decrease in the values of kS* occuring with the increase of kg/kC or kT/kC up to 0.50, then it is largely increased as the values of kg/kC or kT/kC increase up to 5, then kS* remains nearly constant for larger values of kg/kC or kT/kC. Behaviour of curves of  [kS* - kg/kC] and [kS*- kT/kC] for fixed-base columns is similar to that of                                                                                                                                             the same curves for hinged-base columns, for different factors of the buckling level, but fixed-base columns require larger values of kS* compared with those with hinged base. 





      It is seen that factors of buckling level of fixed-base columns ranging between 0.70 and 0.80 are sufficient to satisfy the material economy requirements, (kS*≤ 20). Finally, the analysis shows that the effective stiffness of roof bracing is reduced to kS cos2θR for hinged-base and fixed-base columns supporting inclined roofs.
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∆A-2 = (LC/n) θ2  – (1/s``n) HLC2/kC


∆2-1  = (mT/2) ΦLC θ1 + (mT/2) ΦLC θ2 – [mT /(2ST (1+cT))] Φ3 HL2 /kC                                                                    
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0.12     0.25     0.50       1.0       2.0       4.0       8.0      16  Fig. (6) Non-dimensional stiffness of roof bracing of hinged-base columns attached with roof trusses, (  = 0.30, R= 0).
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1.25       2.5        5        10        20       40       80        Fig. (11) Effect of stiffness of the end gable 
on the non-dimensional stiffness of type (I)
 of roof bracing , (  = 0.85).
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1.25       2.5        5        10        20       40       80        Fig. (13) Effect of stiffness of the end gable 
on the non-dimensional stiffness of type (II)
 of roof bracing , (  = 0.15).
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Fig. (14) Effect of shear deformation on 
     the non-dimensional stiffness of type (II)
 of roof bracing , (kw/ksf= 10).
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0.12     0.25     0.50       1.0       2.0       4.0       8.0      16  Fig. (7) Non-dimensional stiffness of roof bracing of fixed-base columns attached with roof trusses, (  = 0.15, R= 0).
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Fig. (12) Effect of shear deformation on 
     the non-dimensional stiffness of type (I)
 of roof bracing , (kw/ksf= 10).

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



Sheet2

		





Sheet3

		






_1064332786.xls
Chart1

		0		0		0		0		0

		2		2		2		2		2

		4		4		4		4		4

		6		6		6		6		6

		8		8		8		8		8

		10		10		10		10		10

		12		12		12		12		12

		14		14		14		14		14



Rs = 0.9

KT/Kc

Ks

12.619

8.94

6.937

5.359

3.955

10.712

8.17

6.464

4.975

3.579

9.788

8.09

6.498

4.947

3.423

13.22

10.645

8.411

6.304

4.273

20.564

16.15

12.627

9.462

6.51

23.84

19.49

15.501

11.76

8.209

24.824

20.567

16.516

12.626

8.871

25.243

20.965

16.899

12.964

9.133



Sheet1

		0		12.619		8.94		6.937		5.359		3.955

		2		10.712		8.17		6.464		4.975		3.579

		4		9.788		8.09		6.498		4.947		3.423

		6		13.22		10.645		8.411		6.304		4.273

		8		20.564		16.15		12.627		9.462		6.51

		10		23.84		19.49		15.501		11.76		8.209

		12		24.824		20.567		16.516		12.626		8.871

		14		25.243		20.965		16.899		12.964		9.133





Sheet1

		0		0		0		0		0

		0		0		0		0		0

		0		0		0		0		0

		0		0		0		0		0

		0		0		0		0		0

		0		0		0		0		0

		0		0		0		0		0

		0		0		0		0		0



Rs = 0.9

KT/Kc

Ks

0.12     0.25     0.50       1.0       2.0       4.0       8.0      16  Fig. (8) Non-dimensional stiffness of roof bracing of fixed-base columns attached with roof trusses, (  = 0.30, R= 0).
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0.12     0.25     0.50       1.0       2.0       4.0       8.0      16  Fig. (3) Non-dimensional stiffness of roof bracing of hinged-base columns attached with roof girders, (  R=0).
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0.12     0.25     0.50       1.0       2.0       4.0       8.0      16  Fig. (4) Non-dimensional stiffness of roof bracing of fixed-base columns attached with roof girders, (  R=0).
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